Abstract. In this paper by using geometric techniques, we provide upper bounds for the Poincaré recurrence time of a quantum mixed state with discrete spectrum of energies. In the case of discrete but finite spectrum we obtain two type of upper bounds; one of them depends on the uncertainty in the energy, and the other depends only on the (finite) number of states. In the case of discrete but non-finite spectrum we obtain in the same way two upper bounds defining the number of relevant states according to an statistical measurement. These bounds correspond to two different situations in the quantum recurrence process. The first bound is a recurrence time estimation purely quantum, while the other bound that is related with the number of relevant states survives in the classical limit.
Introduction
The classical Poincaré recurrence theorem states that an isolated mechanical system with a fixed finite energy and in a fixed bounded volume, will return after a long enough time, close to its initial mechanical state. Poincaré recurrence theorem follows from Liouville's theorem (see [1] for instance) due to the volume-preserving property of the Hamiltonian flux of the classical phase space. Nevertheless, the total amount of the volume of the phase space, and hence the recurrence time (length of time elapsed until the recurrence), depends on the Hamiltonian of the system. Figure 1 . The "recurrence paradox." If we let a gas expand in a bounded recipient after a sufficient large time it will come back very close to the initial position.
The Poincaré recurrence theorem has counterintuitive implications when is considered within the context of the Second Law of Thermodynamics. According to this law, the measure of disorder of a system will never decrease -it will either increase or stay the same. For example, considering an isolated system -if you open a partition separating a chamber that contain gas and a chamber in vacuum, after a time, the gas molecules will again be collected in the first chamber (see Figure1) . This is known as the recurrence paradox and is most commonly reconciled by a claim that the amount of time that one must wait before the gas system returns to its initial state is orders of magnitude larger than the expected life of the universe.
Indeed Zermelo used Poincaré result's to argue that the Boltmann's formula for the entropy should decrease after some sufficiently long time. Poincaré argument does not give any indication on how to estimate such recurrence times and it is an important question from a theoretical point of view.
In the quantum world there is an equivalence of the Poincaré recurrence principle (see [2, 3, 4, 5, 34, 33] ). Thus, these quantum systems can be considered having timeperiodic Hamiltonians in which the quasi energy spectrum is discrete. Furthermore, the evolution of these systems is almost-periodic even though the system may be in a non-stationary state or in a mixed state.
The Poincaré recurrence is relevant in order to understand "non-reversible" phenomena, such as the decoherence of a quantum system induced by the environment (see [6, 7, 8, 9, 10] ) where in order to obtain effective decoherence, a small quotient between the decoherence and recurrence time is required. An other place where the Poincaré recurrence could play an important role is the lost of information in quantum black-holes (see [11, 12, 13] ).
Consider the evolution of an initial pure state |Ψ 0 ∈ H of the Hilbert space H by the Hamiltonian operator H given by the following Schrödinger's equation
Recurrence implies in particular that for any ǫ > 0, there exists t 0 large enough such that
Under certain type of wave packet (see [6, 7, 8, 9, 10, 32] ) estimations for the recurrence time can be obtained. In [14] , assuming that |Ψ 0 has a finite decomposition in the basis of eigenfunctions {|i } of the Hamiltonian H, i.e.,
the following estimation of the recurrence time appears
where
In [15] the authors obtain several expressions for the recurrence time, between them we remark the following estimation
where here
We should remark here that the estimations given in equations (3) and (4) depend on the average of the energy (or the gap energy) of the quantum system.
The general case in quantum mechanics deals with mixed states. A mixed state cannot be described as a ket vector. Instead, it is described by its associated density matrix (or density operator). The temporal evolution of a mixed state ρ 0 is given by the von-Newmann lawρ
The transition probability between the mixed state ρ to the mixed state σ is given now by the fidelity F (ρ, σ)
Surprising enough in the case of finite number of states there is an upper bound for the recurrence time that does not depend on the specific Hamiltonian. In fact we can state Theorem 1. Let ρ 0 be a mixed state of the Hilbert space H of finite dimension n = dim(H). Let ρ(t) denote the unitary evolution given by the Hamiltonian H, i.e.,ρ
Then, for any t > 0 and any ǫ ∈ (0, 1] there exists a time t rec such that
with t rec = j · t, j ∈ N and such that
Inequality (5) implies by the the Fuchsvan de Graaf inequalities
If we take into account the uncertainty in the energy we can recover for a mixed state equivalent expressions to (3) and (4) . The statement of the following theorem in fact do so Theorem 2. Let ρ 0 be a mixed state of the Hilbert space H of finite dimension n = dim(H). Let ρ(t) denote the unitary evolution given by the Hamiltonian H, i.e.,ρ
Suppose that the initial mixed state ρ 0 has non-zero uncertainty in the energy △E ρ0 = 0 (with △E ρ0 = tr (H 2 ρ 0 ) − tr (Hρ 0 ) 2 ). Then, for any ǫ > 0 with
where {|k } is a basis of ortonormal eigenstates of the Hamiltonian ( i.e., H |k = E k |k and j|k = δ j,k ), there exists a time t rec (ǫ) such that
where c n = (n − 1)Γ(
2 . The estimation (8) can be simplified by using the mean-arithmetic meangeometric inequality
Hence under the same hypothesis of the above theorem we can state
Note that the lower bound is the Mandelstam-Tamm inequality (see [16] ). Observe, moreover, that by using the Fuchs-van de Graaf inequalities, the inequality (7) implies
We can use this inequality to obtain upper bounds in the case of a discrete but non-finite spectrum, from the problem statement proposed in [4] where the density matrix is an almost periodic function of time. Consider ρ(t) the density matrix of a system for a set of discrete stationary states, with energy levels E k , k = 0, 1, 2, · · · , where some of them may have the same value if they are degenerate. In energy representation the matrix elements are defined as
Let T k = |k k| be the projection operator onto the kth stationary state, then
is the matrix which energy representation has only one nonzero element, equal to ρ kk ′ (t) and located in (k, k ′ ). These matrices are orthogonal in density space
and
as an approximation to ρ(t). Then, the squared error is
The second equality is obtained from the orthogonality of ρ kk ′ . Because the error is not time-dependent, σ N (t) converges uniformly to ρ(t) (in the -norm sense). Let us denote by δ N the time-independent quantity
So, ρ(t) can be approximated by σ N (t) in the sense that δ N → 0 when N → ∞. In such a case we shall say that the mixed state ρ has N relevant states with error term of δ N .
Observe that the trace of σ N (t) is time-independent because
Hence, σ N fulfills the hypothesis of theorem 2 and theorem 1. But by using the triangular inequality
Observe that
is the total probability of ρ to be in one of the relevant N states. By using inequalities (10) and (6) we can state the following two corollaries Corollary 3. Let ρ 0 be a mixed state of the Hilbert space H. Let ρ(t) denote the unitary evolution given by the Hamiltonian H, i.e.,
Suppose that the spectrum of the Hamiltonian is discrete and ρ 0 has N relevant states with error term δ N . Suppose that N -approximation to ρ 0 , σ N has non-zero uncertainty in the energy △E σ N = 0. Then, for any ǫ > 0 with
where {|k } is a basis of ortonormal eigenstates of the Hamiltonian, there exists a time t rec (ǫ) such that
2 . Corollary 4. Let ρ 0 be a mixed state of the Hilbert space H. Let ρ(t) denote the unitary evolution given by the Hamiltonian H, i.e.,
Suppose that the Hamiltonian has discrete spectrum and ρ 0 has N relevant states with error term δ N . Then, for any t > 0 and any ǫ ∈ (0, 1] there exists a time t rec such that
Geometry of the mixed states space. Proof of Theorem 1
The most general state, the so-called mixed state, is represented by a density operator in the Hilbert space H. In this part of the paper we always assume that dim(H) = n < ∞, being H a vector space on the complex field (H = C n ). The density operator ρ is in fact a density matrix. Let us denote by D the space of density matrices. Recall that a density matrix is a complex matrix ρ that satisfies the following properties:
(i) ρ is a Hermitian matrix, i.e, the matrix coincides with its conjugate transpose matrix: ρ = ρ † .
(ii) ρ is positive ρ ≥ 0. It means that any eigenvalue of A is non-negative.
(iii) ρ is normalized by the trace tr(ρ) = 1.
Let us denote by
Let us consider the following sphere
and the following open dense set of S,
Since M n (C) is a vector space the tangent space T p M n (C) at p ∈ M n (C) can be identified with M n (C) itself. Moreover we will denote by g the Euclidean metric in M n (C), namely,
and also we will denote by g the restriction of the above metric tensor to S. We are going to prove that the map T t : S → S given by
is an isometry of S. Suppose that we have two vectors X, Y ∈ T x S then we need to check if
In order to do that consider the following two curves γ X : R → S and γ Y : R → S such that
Then,
For dT t (Y ) we can obtain in an analogous way that dT
That is what had to be proved. Since T t is an isometry in a metric space of finite measure and applying Theorem 6 to S, taking into account the volume of a geodesic ball in S 
Following Uhlmann [17, 18, 19, 20] , Bengtsson [21] , Chrusciǹski [22] , and D '
abrowski [23, 24, 25 ] results, we can consider the following principal fiber bundle
where the projection π : S → P + is given by π(A) = AA † and U(n) acts on S by right multiplication, i.e., (u, A) → Au for A ∈ S and u ∈ U(n). Taking into account that since S is an open and dense subset of S, we can endow S with the restriction of the metric g of S. Then, by using this metric structure the following fiber bundle U(n) (S, g)
becomes a Riemannian submersion. Where g B is the Bures metric in P + . With such a metric U(n) acts by isometries on S. Notice moreover that
Hence by using the global defined section s : P + → S given by s(ρ) = √ ρ (with a particular choice of the square root branch), the general solution of the von Neumann equation
can be obtained as
Taking into account that d S = d S and that since π is a Riemannian submersion, then
Hence, the theorem follows by using the above inequality for the particular case (see equation (14)) of A = s(ρ 0 ), because
and we can set
then
Proof of theorem 2
The recurrence time for the Hamiltonian H is the same that the recurrence time for the zero-point rescaled Hamiltonian H λ = H − λI. Given an initial state ρ 0 , by using equation (14) , the temporal evolution is given by ρ(t) = π(e − it (H−λI) W ) where W = s(ρ 0 ). But given the basis {|k } of eigenvalues for the Hamiltonian,
Then, the curve γ(t) = e − it (H−λI) W is a curve in the torus
We can make use of the following diffeomorphism
e iθ k |k k| W and the inclusion map T n (W ) ⊂ M n (C) to pull-back the metric from M n (C),
where e j = dϕ(X j ) and {X 1 , . . . , X n } is the basis of the Lie algebra t n (see Appendix A.3) given by
The metric g is a bi-invariant metric and since [X j , X l ] = 0, the torus (T n , g) is a flat torus. In fact, (T n , g) geometrically is the following torus
where S 1 tr (ρ 0 |k k|) is the circle of radius tr (ρ 0 |k k|). The injectivity radius (see proposition 8) is given by inj(T n ) = π · min k tr (ρ 0 |k k|) . Moreover, the curve γ = ϕ −1 • γ is a geodesic curve because is the following curve
The length of γ([0, t]) is given by
Hence by using the definition of t rec (ǫ), for any ǫ < inj(T 2 ) 
]).
To estimate the volume of such a tube we first need to estimate the minimal focal distance of the tube. The tube γ θ ([0, t]) with θ < ǫ/2 and ǫ < inj(T n ) has no self-intersections for t < t rec (ǫ). Because, otherwise suppose that 0 ≤ t 1 < t 2 < t rec (ǫ), and n 1 = n 2 = 1 in the normal bundle of γ
Then e in1s1 e −it 1 (H−λI) γ(0) = e in2s2 γ(t 2 ), but therefore
Since i(n 1 s 1 − n 2 s 2 ) ≤ 2θ < ǫ, and β(t) = e i(n1s1−n2s2)t γ(0) is a geodesic curve joining β(0) = γ(0) and
this is a contradiction with inequality (17) . If
And hence, by (18) ,
But i t1−t2 (H − λI) belongs to the tangent bundle of γ and i(n 1 s 1 − n 2 s 2 ) belongs to the normal bundle of γ, and hence a contradiction.
Since γ is a geodesic of T n , and since T n is a flat manifold, there are no focal points along a normal geodesic to a geodesic of T n (see [26, proposition 2 .12]), we have proved that there are no overlaps, then
But using equality (16)
But observe that inequality (19) holds for any θ < ǫ/2, then letting θ tend to ǫ/2 we obtain
Discussion
In this paper we have found upper bounds for the recurrence time of a quantum mixed state with discrete spectrum of energies. By the case of discrete but finite spectrum, we have obtained two type of upper bounds; one of them depends on the uncertainty in the energy, and the other depends only on the number of (relevant) states based on the decomposition in the basis of eigenstates of the Hamiltonian. On the other hand, in the case of discrete but non-finite spectrum, using the same reasoning, we obtained two upper bounds defining the number of relevant states according to an statistical measurement.
To obtain this bounds, we estimate the volume of a geodesic ball in a sphere or the volume of a tube around a geodesic curve in a torus. The most general result related with uncertainty in the energy can be read as
for a mixed state ρ with N relevant states. That means that the mixed state ρ admits a finite dimensional approximation σ
when N → ∞ and P N = tr(σ N ) → 1 when N → ∞. In fact, this δ N gives the accuracy in the estimation of the Poincaré recurrence time because
Moreover, we can state and prove that upper bounds for the recurrence time can be obtained without using the specific Hamiltonian (or uncertainty in the energy) but only the number of relevant states because for any t > 0 and any ǫ ∈ (0, 1] there exists
with C(N ) depending only on N , such that
In the proof of the lower bound for the recurrence time it is established the existence of a quantum speed limit of a system t QSL ≃ △E [16, 35] . This is a pure quantum phenomenon, as it depends explicitly on the constant . The energy-time uncertainty relation for time-independent systems has been further extended in [36, 37] , who determined the quantum speed limit time for general mixed states, no necessary orthogonal, as a function of their geometrical angle given by the Bures length. This quantum speed limit time is reduced when the Bures length between the initial an final states is smaller. Whereas t QSL is determined by the initial mean energy in timeindependence case or energy variance in the case of driven quantum systems [38, 39] . In the classical limit, → 0, the quantum speed limit disappeared and, in principle, progresses arbitrarily fast. Someone could expect that in the classical limit the quantum Poincaré recurrence becomes the classical one. But it should be noticed that, similarly to what happens with the quantum speed limit, the classic limit for the the Poincaré recurrence time related with the uncertainty in the energy is zero. Since by taking the limit → 0 in inequality (20) ,
This shows that this recurrence is a purely quantum phenomena. Nevertheless, since inequality (21) depends only in the number of relevant states N , it remains unaltered by the limit → 0. Hence this phenomena survives to the classical limit. Our conjecture is that the classical Poincaré recurrence time is related with the number of relevant states (as a measure of the volume of the classical phase space). Finally, in view of that we conclude that the inequalities (20) and (21) are not two bounds for the same quantum recurrence process but two bounds for two different phenomena. The first one is purely quantum and the second one is related with the classical recurrence principle.
Appendix A.1. Poincaré recurrence for isometries in metric spaces of finite measure
To prove theorem 1, we have used the following Poincaré recurrence theorem in metric spaces
Then for any volume preserving isometry T : M → M , any point p ∈ M , and any r > 0 there exists N r ∈ N such that the distance d(p, T Nr (p)) from p to
, with N r satisfying the following inequality
where B r/2 (p) denotes the metric ball centered at p ∈ M of radius r/2. Namely,
Proof. To prove that theorem we first need the following lemma
But since T is a volume-preserving transformation, N µ B r/2 (p) ≤ µ(M ). If we take S as the first integer such that
.
then, there must exists 0 < 1 ≤ i < j ≤ S such that T i (B r/2 ) ∩ T j (B r/2 ) = 0 , but taking T −i in this expression we obtain,
the lemma follows if we set N r = j − i and taking into account that 1 ≤ j − i ≤ S − 1 and that S ≤
Applying the above lemma there exists q ∈ B r/2 such that T Nr (q) ∈ B r/2 (p). This implies that d(p, T Nr (q)) ≤ r 2 but since T is an isometry d(T Nr (p), T Nr (q)) = d(p, q) and hence, by the triangular inequality, Observe that the t-curves are geodesics and in the particular case of spheres (spaces of κ = 1), S 1 (t) = sin(t) then, the Riemannian volume element is dV = sin n−1 (t)dV S n−1
where dV S n−1 the Riemannian volume element in S n−1 . The volume of the geodesic ball B r of radius r in S See also [27, pag 252] for the general expression of the volume of a geodesic ball.
Appendix A.3. The injectivity radius of a n-dimensional flat torus Let T n = n-times U (1) × . . . × U (1) denote the n-dimensional torus, namely, T n = e iθ1 , . . . , e iθn : θ 1 , · · · , θ n ∈ R with the usual product law e iθ1 , . . . , e iθn ⋆ e iα1 , . . . , e iαn = e i(θ1+α1) , . . . , e i(θn+αn) .
Taking derivatives at t = 0 in e iθ1 , . . . , e iθn ⋆ e it , 1, . . . , 1 we get the left invariant vector field X 1 = ie iθ1 , 0, . . . , 0 , similarly, X 2 = 0, ie iθ2 , 0, . . . , 0 , · · · X n = 0, 0 · · · , 0, ie iθn we obtain a basis {X 1 , · · · , X n } of the Lie algebra t n of T n . In fact, since the group is abelian, {X 1 , · · · X n } are right invariant vector fields as well. Now given a n-tuple of non-zero real numbers (g 1 , . . . , g n ) ∈ R n we can define the bi-invariant metric g(X j , X k ) = δ j,k g 2 j
The sectional curvature κ(X j , X k ) of the plane spanned by X j and X k in a Lie group with bi-invariant metric is given by (see [29] ) κ(X j , X k ) = 1 4 [X j , X k ] 2 . But, as can be easily checked, [X j , X k ] = 0, and therefore (T n , g) is a flat torus. Moreover, (T n , g) as a Riemannian manifold is isometric to
